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Symbolism.
Finite alphabet: >
Observed string: 0=0,0,...0y such that o; €Y

Highest level of hierarchy (root): 1

Lowest level of hierarchy (leaves): D

Depth of hierarchy: de {ID}
i™ state at hierarchical level d: q?
Number of substates of ¢ ‘qld ‘
Parameters of HHMM:

i {)ﬂd }de{l,...,D} ) {H(qd

1. Substate Transition Matrix:

{A(qd)}de{l,_,_p} such that A(‘Id)=(a;]-,: )=P(q,‘f”

d+1
51j+)

a?k is the probability that the j substate of ¢ will transition to its k™ substate.



2. Initial Substate distribution:

{H(qd)}de{l,..‘,[)} such that H(qd) B {ﬂ(q;IH

Jt(q;h'l

-

qd) is the probability that ¢¢ will make a vertical transition to its j” substate

at level d+1.

3. Output probability distribution:

(Bl such that (e ) | {42

e(al‘qD q° _1) is the probability that production state ¢” will emit symbol o, €.

Modified Baum Welch algorithm

Calculate the following probabilities:

1. Forward Probabilities

a(t,t + kg™t ,qd) = P(0,"*+0,,;,q"*" finished at o, |¢“ started at o,)

Initialization:

Production states:

a(t,t,q,D,qD_l)=ﬂ(qiD‘qD_l)e(Ot qi 9

D D—l)

Internal States:
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Iteration:

af)-a

Production states:

d

q
jend

ja”
D D-1 D D-1 D D-1
(tt+k,ql q )— > Ot(t,t+k—l,61j q )e(OHkCIi q )
j=1
Internal States:
d d-1) k! e d d-1 q”"
(tt+k,q, 4 )= 212 a(f”lc],,q )
[=0| j=1
‘q,d‘ d+1 d
Ea(t+l+1,t+k,qs ,q,) Sqend
s=1
d| d-1 ‘q' k.g! q,
T\g; |4 E altt+ ’Qj ’qt ]end

j=1

2. Backward Probabilities

d _d-1

q; -4 q started at o,, ¢

ﬁ(t,t+ k

) P (Ot Ok
Initialization:

Production states:

D-1

g*!
finished at o, ;

D D-1 D D-1\. 4
ﬁ(f t’QI q ) ( i 4 ) lend
Internal States:
d
d d-1 ! d+1| d dv1d\| g
ﬁ(tt,q, .q ) 21 (q] Qi)'ﬁ(”qj ’Qi)aiend
=
Iteration:

Production states:



qiD,qD_l) > ag _ -/5(t+1,t+k,q§),qD_1)

j=end

/J’(t,t +k.q? ,qD_l) = e(ot

Internal States:

q;
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d _d-1 d+1| d d+1 d
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3. Auxiliary variables:

A. nm(t,qid ,qd_l) = P(ol --0,_1,q" started at 0t|)L)
Initialization:

nu(1.97.a") - n(qiz‘ql)

d _d-1 d-1 _d-2 d| d-1
nm(l,qi g j )=77m(1"1j q )'JT(%‘CIJ )

Iteration:
For 1<t
2 1 ‘ql‘ 2 1).4'
nin(t,qi q )= > a(l,t—l,qj,q )aji
j=1

d da-1)_'d d-1 _d-2 ! d d-1) ¢"
nin(t9qi q )= Enin(s’Qj q ) > OC(S,I—I,C][ q )a[‘f
s=1 1=1

d- d-2 d| d-1
+m~n(t,qj 'q )-ﬂ(q,- ‘q,- )

B. nom(t,qfi,qd_l) = P(qid finished at o, ,0,,,, ---0N|)»)



Initialization:

For <N
2 1 ‘ql‘ q' 2 1
nout(t’Qi -q )= E a'j 'ﬁ(t"'l’N’CIj’q )
j=1
Iteration:
For <N
d _d-1 ‘q ‘ q¢ d _d-1 d-1 _d=2
Nin (,q, 7‘1] )_ E E alj [D’(t"'lN’QI ’qj ) nout(k’qj q )
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4. Horizontal Transition Probabilities

d+1 _d+1 _d d+1 d+1
S(t,qf 4" g )=P(01'“0pq,-+ — 45" 001 oy |A)

Estimation:
For t<N

2 1\, 4", 2 1
5(ral 4} ql)f(l”’qi ') aj pli+iNgja')

9 1 9 j 9 P(O|}\’)
2 1), 4
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For t<N
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5. Vertical Transition Probabilities

x(t,ql-d ,qd_l)=P(ql-d started attA,O)

¢!
=p(01...01_1, ! 0,0y 1,0)

q!

Initiation:

(144" fafla’)- B(1V .07 ')
»q; -4 )=

o Plof)

Iteration:

For 2<d
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P(0J2)

plekala ) nofiat ")

|

Parameter Estimation

Tz

t

I. ym(t,qid” ,qd) is the probability of performing a horizontal transition to ¢¢*' which is

substate of ¢¢ before o, is emitted

d

q
d+1 d d+1 d+1 _d
Vm(t,qﬁ 4 )= > E(t_l’Qk+ g0 g )
k=1



2. you,(t,q,-d” ,qd) is the probability of performing a horizontal transition from ¢/*' which

is substate of ¢“ to any of the other substates of ¢¢ after o, is emitted
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